Abstract. Let G be a complex connected reductive group. Luna assigned to any spherical homogeneous space G/H a combinatorial object now called a homogeneous spherical datum. By a theorem of Losev, this object uniquely determines G/H up to G-isomorphism. Let G/H → X be a simple spherical embedding, which, according to the Luna-Vust theory, corresponds to a colored cone. Our aim is to explain how to obtain the homogeneous spherical datum of the unique closed G-orbit in X.
Introduction
Let G be a complex connected reductive group. A closed subgroup H ⊆ G is called spherical if G/H possesses a dense open B-orbit for a Borel subgroup B ⊆ G. In this case, G/H is called a spherical homogeneous space. Moreover, a G-equivariant open embedding G/H → X into a normal irreducible G-variety X is called a spherical embedding, and X is called a spherical variety. A spherical embedding (and the corresponding spherical variety) is called simple if it possesses exactly one closed G-orbit.
The classification of spherical varieties (for fixed G) proceeds in two steps. The first step is the classification of spherical subgroups H ⊆ G. A (by now proven) conjecture of Luna states that spherical subgroups are classified by combinatorial objects now called homogeneous spherical data.
The second step is the classification of spherical embeddings G/H → X for a fixed spherical homogeneous space. Here, the Luna-Vust theory in particular states that simple spherical embeddings are classified by certain combinatorial objects called colored cones.
It also follows from the Luna-Vust theory that for a simple spherical embedding G/H → X the closed G-orbit (in fact, any G-orbit) is a spherical homogeneous space as well. Our aim is to obtain the homogeneous spherical datum of the closed G-orbit in X from the homogeneous spherical datum of G/H and the colored cone associated to the embedding G/H → X.
To be able to state our main result we shortly recall the necessary notions. For details and references we refer the reader to the next section.
Fix a Borel subgroup B ⊆ G and a maximal torus T ⊆ B. We denote by S the induced set of simple roots. A homogeneous spherical datum is a quadruple (M, Σ, S p , D a ) where M ⊆ X(B) is a sublattice, Σ ⊆ M is a linearly independent set of primitive elements called spherical roots, S p ⊆ S, and D a is an abstract set equipped with a map ρ : D a → N := Hom(M, Z). The quadruple is moreover subject to certain axioms.
From a homogeneous spherical datum, we may recover an abstract set D (containing D a ) called the set of colors, which is equipped with two maps ρ : D → N and ς : D → P(S). Another important object is the so-called valuation cone
A colored cone is a pair (C, F) where C ⊆ N Q is a strictly convex cone, F ⊆ D, and certain further requirements are satisfied.
We are now able to state our main result.
Main Theorem. Let G/H be a spherical homogeneous space with associated homogeneous spherical datum (M, Σ, S p , D a ) and G/H → X a simple spherical embedding corresponding to the colored cone (C, F). We describe the homogeneous spherical datum
Furthermore, let π : N → N 0 be the map dual to the inclusion M 0 → M. We have
then the statement about the spherical roots can be refined to
This paper is organized in five sections. In Section 1, we fix the notation and recall some known results. In Section 2, we prove the Main Theorem except for the statement about the colors in D a , which is first proven for quasiaffine X in Section 3 and then for arbitrary X in Section 4. Finally, we present some examples in Section 5.
Notation and generalities
The notation introduced here will be valid throughout the paper. Another purpose of this section is to gather some known results.
Let G be a complex connected reductive group and B ⊆ G a Borel subgroup. We choose a maximal torus T ⊆ B, denote by R ⊆ X(T ) = X(B) the associated root system, and write S ⊆ R for the set of simple roots corresponding to B.
Let H ⊆ G be a spherical subgroup. We denote by M ⊆ X(B) the weight lattice of B-semi-invariants in the function field C(G/H) and by N := Hom(M, Z) the dual lattice together with the natural pairing ·, · : N × M → Z. We denote by V the set of G-invariant discrete valuations on C(G/H), and define the map ι : V → N Q := N ⊗ Z Q by ι(ν), χ := ν(f χ ) where f χ ∈ C(G/H) is B-semiinvariant of weight χ ∈ M and unique up to a constant factor. The map ι is injective and V ⊆ N Q is a cosimplicial cone (cf. [Bri90] ). Hence there is a uniquely determined linearly independent set Σ ⊆ M of primitive elements such that V = γ∈Σ {v ∈ N Q : v, γ ≤ 0}. The elements of Σ are called the spherical roots and V is called the valuation cone of G/H. We will work with a combinatorial object suggested by Luna containing even less information. First, the colors are divided into several types. We denote by 
for every α ∈ S p and for every γ ∈ Σ there exists a wonderful variety of rank 1 with spherical root γ and the same set S p .
Luna conjectured that the quadruples coming from spherical subgroups are precisely the homogeneous spherical data and proved the conjecture himself for spherical varieties of type A. There are now two proposed solutions for the general case (cf. [CF09, CF10] and [BP11a, BP11b, BP11c] ).
We briefly explain how to recover the full set of colors D from a spherical homogeneous datum. Define 
According to the Luna-Vust theory (cf. [LV83, Kno91] ), any spherical embedding of G/H → X can be described by some combinatorial data and any G-orbit in X is a spherical homogeneous space. As we are interested in individual orbits, we may restrict our attention to spherical embeddings with only one closed orbit, which are called simple.
Definition ([LV83, Kno91]).
A colored cone is a pair (C, F) where F ⊆ D and C ⊆ N Q is a cone generated by ρ(F) and finitely many elements of V such that
If G/H → X is a simple embedding with closed orbit X 0 , we denote by F X ⊆ D the set of colors whose closure contains X 0 and by C X the cone generated by ρ(F X ) and the elements ν Y ∈ V for all G-invariant prime divisors Y ⊆ X.
is a bijection between isomorphism classes of simple spherical embeddings of G/H and strictly convex colored cones.
For the remainder of the paper, let (C, F) be a colored cone and G/H → X be the simple spherical embedding corresponding to it. We denote the closed G-orbit in X by X 0 .
Simple and spherical roots
Proof. This is shown in the proof of [Kno91, Theorem 6.3] as follows. The restriction of B-semi-invariant functions yields an injection M ∩ C ⊥ → M 0 . The surjectivity follows from [Kno91, Theorem 1.3b].
Proposition 2.2. We have 
We now turn our attention to the valuation cone V. We denote by π : N → N 0 the map dual to the inclusion M 0 → M and the induced map of vector spaces also by π : N Q → N 0,Q when there is no danger of confusion. We denote by V 0 ⊆ N 0,Q the valuation cone of X 0 .
We first investigate some special cases and begin with the following known result.
Proof. This has been shown in [BP87] .
We continue by allowing C to be arbitrary.
Proof. This follows by induction repeatedly applying the following argument. Let ρ be an extremal ray of C and X ⊆ X the corresponding G-invariant prime divisor. We denote by O the open G-orbit in X with weight lattice M = ρ ⊥ ∩ M. Let π : N → N be the map dual to the inclusion M → M and denote by V the valuation cone of O . It follows from Proposition 2.3 that π (V) = V .
We show that X is toroidal. According to the local structure theorem for spherical varieties (cf. [Tim11, Theorem 29.1]), the P S p -orbits in X
• := X \ D∈D D correspond to the G-orbits in X. By Proposition 2.2, P S p is also the stabilizer of the open B-orbit in O , therefore the P S p -orbit O ∩ X
• is a B-orbit. This implies that no G-orbit in X lies in the closure of a B-invariant prime divisor in X .
Clearly X is simple, i. e. associated to some colored cone (C , ∅). We show that π (C) = C . The extremal rays of C are exactly the valuations induced by the G-invariant prime divisors of X . Let φ : X → X be the inclusion. There is a bijection between the G-invariant prime divisors Y in X and the G-invariant prime divisors Y in X such that cone(ρ, τ ) is a face of C where τ is the ray corresponding to Y . Removing all G-orbits of codimension 3 or greater from X yields a Q-factorial open subset of X and does not affect the divisors of X . Consequently, for any corresponding Y and Y we have a well-defined pullback
It follows that π (C) = C . Finally, we allow both C and F to be arbitrary. 
Corollary 2.6. We have cone(Σ 0 ) = cone(Σ) ∩ M 0,Q .
For γ ∈ Σ we define
It follows that
is a face of C. If C = C, then we have γ ∈ Σ 0 . Otherwise we have v, γ < 0 for every v ∈ C • . In that case, as 
Proof. According to Proposition 2.8, it suffices to show
Proof. There exists 
The quasiaffine case
In this section, we assume X to be quasiaffine. It follows from Remark 2.12 and [ADHL11, Corollary IV.3.1.2] that Γ(X, O X ) is finitely generated. We denote by X the canonical affine closure of X, i. e. X := Spec(Γ(X, O X )), and by X 0 the closure of X 0 inside X.
We denote by M + and M 
Since D / ∈ F and α ∈ ς(D), it follows from Proposition 2.2 that α ∈ S \ S p 0 . Since, by Proposition 2.5, every spherical root in Σ 0 is a linear combination with nonnegative integral coefficients of the spherical roots in Σ and α / ∈ Σ, we obtain α / ∈ Σ 0 . This implies the existence of a color
with equality holding if and only if γ ∈ ς(D). Hence it suffices to show that
According to Proposition 2.8, it suffices to show that
We define
Proposition 3.4. We have E = π(cone (C, ρ(D)) ).
Proof. "⊇": This follows from Proposition 3.3 and the fact that π(C) = {0}.
"⊆": Let D 0 ∈ D 0 be a color such that there does not exist a color D ∈ D with
Corollary 3.5. We have M + 0 = M 0 ∩ E ∨ and E is strictly convex.
Proof. For the first assertion we use Proposition 3.1, ( * ), Proposition 2.1, and the fact that
Now assume that E is not strictly convex. Then ZM Proof. Since X is quasiaffine and simple, it follows from [Tim11, Corollary 15.5] that E := cone(C, ρ(D)) is strictly convex, C is a face of E , and 
The general case
Let K ⊆ WDiv(X) be a finitely generated subgroup such that K → Cl(X) is surjective (it follows from [Bri07, Proposition 4.1.1] that Cl(X) is finitely generated) and consider the sheaf of K-graded O X -algebras
We define the torus S := Spec(C[K]) and the relative spectrum X := Spec X (S).
Proposition 4.1. The following statements hold.
(1) The C-algebra Γ(S, X) = Γ(O X , X) is finitely generated. It is not harmful to assume that Cl(G) = 0 (otherwise we replace G by a finite covering). According to [ADHL11, Proposition IV.3.1.6], there is an action of G on X making p : X → X equivariant and commuting with the action of S. In this way, X becomes a spherical G × S-variety with a unique closed orbit X 0 (recall that p is a good quotient and use [ADHL11, Proposition I.2.3.6]). The restriction of p to X 0 yields a good quotient p 0 :
We freely combine the symbols 0 and with the symbols M, N , D a , Σ, ρ, ς such that the result has the obvious meaning. Then there are the following natural commutative diagrams.
Proof. A simple root α ∈ S is a spherical root if and only if the minimal parabolic subgroup P α moves exactly two colors. It follows that Σ ∩ S = Σ ∩ S and Σ 0 ∩ S = Σ 0 ∩ S where we consider the upward-pointing arrows of the middle diagram as natural inclusions. Since p and p 0 induce bijections between the corresponding sets of colors, we obtain the first and third bijection. 
